Abstract. We employ the Electron-Nuclear Dynamics formalism to investigate the resonant charge transfer and scattering processes in the collision of protons on atomic hydrogen. The END method consists of an ab initio, non-adiabatic treatment of the electronic and nuclear degrees of freedom. The results span an energy range from 1 eV to 5 keV. We present electron transfer probabilities, absolute charge transfer differential and integral cross sections, and state-to-state differential and integral cross sections for principle energy levels n = 1, 2, and 3. The present results compare favorably with experimental data and other theoretical results. For the total resonant charge transfer cross section, we confirm the relation σ 1/2 trans ∼ ln E. The role of nonadiabatic couplings in transfer into the n = 2 level is confirmed, and the effect of basis set size on the dynamics of the transfer is probed.
Introduction
Symmetric resonant charge transfer between gas phase positive ions and parent atoms, denoted by
plays an important role in the physical descriptions of many atomic and molecular processes. Of particular interest are descriptions of cometary atmospheres, plasma physics, and the aeronomy of the upper atmosphere of the earth. In the field of plasma research, both symmetric and asymmetric resonant charge transfer cross sections are important to the descriptions of particle transport, energy transport, and ionization equilibria in low temperature plasmas, astrophysical dynamics, and research into controlled fusion [1] . Dynamical descriptions of the earth's atmosphere depend heavily upon resonant charge transfer reactions. Specifically, the momentum transfer due to the resonant charge transfer in the O + /O system in the F 2 layer of the ionosphere is a factor in the description of downward ion flux into lower regions of the atmosphere, a process which controls much of the dynamics of the atmosphere as a whole [2, 3, 4] .
The resonant charge transfer between protons and atomic hydrogen has long been a fruitful research topic both experimentally and theoretically. It has several important dynamical applications, including atmospheric escape of neutral H atoms and description of the polar winds [2, 4] , as well as in the modeling of divertors to control impurities in plasmas [5] . However, the major interest in this reaction is the simplicity of the system, leading it to become a benchmark of theoretical investigation.
In previous works, several experimental investigations have been made in the energy region between several eV to several keV [6, 7, 8, 9, 10, 11, 12, 13] . Furthermore, a number of varied theories have been employed, and the results compared with these experiments [14, 15, 16, 17, 18, 19, 20, 21] . Some of these theories are based on semiclassical approximations or perturbative approaches [14, 15, 16, 19] . Often in these methods, the projectile trajectories are assumed to be straight lines [14, 19] for the entire range of impact parameters. Others impose a common turning point for all of the trajectories [15] . These approximations neglect coupling of the electronic and nuclear degrees of freedom necessary for a correct description of the interaction potential and, consequently, of the dynamics. In some cases, the trajectories are calculated using nuclear-nuclear repulsion forces only [16] , neglecting the electronic structure of the system. These approximations tend to limit the validity of their results and predictions to high projectile energies (≥100 eV) and, therefore, to the small scattering angle region.
In this work, we circumvent these limitations to the description of the projectile and target trajectories by using the Electron-Nuclear Dynamics (END) approach [22] . The END formalism is employed to investigate resonant charge transfer between protons and hydrogen atoms. Electron-Nuclear Dynamics is a time-dependent, non-adiabatic formalism that allows for the dynamical treatment of molecular electrons and nuclei. In the current implementation, the nuclei are treated as traveling Gaussians taken to the zero-width limit and the electrons are described using a basis of complex valued, single determinant wave-functions. The trajectories are calculated from the forces between interacting particles, and all electron-nuclear couplings are maintained throughout the dynamics. Previous works have employed END to describe dynamical processes involving small atomic systems as well as molecular systems with energies ranging from a fraction of an eV to several hundred keV [23, 24, 25, 26, 27] .
In particular, we apply END to the description of resonant charge transfer for the H + /H system in the low to intermediate (1 eV -5 keV) collision energy regime. We calculate the probability for electron transfer as a function of collision energy and initial impact parameter and we compare the results with some available experimental data. Additionally, charge transfer differential and integral cross sections as well as state-tostate differential and integral cross sections are calculated and compared to experimental data and to other theoretical results.
Theory
Since the END theory has been well documented in previous works [22, 28, 29, 30, 31] , only a brief overview of the theory will be provided here. In the current implementation of END the wave-function is represented by a product state vector of the form |ψ = |z; R, P |R, P = |z |φ .
In Equation (2), the nuclear wave-function, |φ , is given by
where R l and P l are the average position and momentum of the lth nucleus. The width parameters, a l , are taken to the narrow wave-packet limit (a l → 0, for all a l ). The electronic wave-function, |z , takes the form
and is parameterized in terms of Thouless coefficients [32] and constructed from dynamical spin orbitals,
The dynamical spin orbitals are spanned by a basis of atomic spin orbitals u i of rank K with N occupied and K − N unoccupied atomic orbitals that are constructed from traveling Gaussian functions centered on the average nuclear positions. The quantum mechanical Lagrangian
must be parameterized in terms of the correct dynamical variables, in this case {z, z * , R, P }. Solving the Euler-Lagrange Equations for this choice of dynamical variables leads to the END equations of motion. The END equations of motion are conveniently expressed in matrix notation as
In Equation (7), the dots indicate differentiation with respect to time and the total energy is E = l P l /2M l + z|Ĥ el |z , whereĤ el is the electronic Hamiltonian. The non-adiabatic couplings are found within the individual dynamical metric terms,
where X, Y ∈ {R, P }. Equation (8), (9), and (10) represent nuclear-nuclear, nuclearelectronic, and electronic-electronic couplings, respectively. In the above equations, S = z ; R , P |z; R, P represents the electronic overlap for two nuclear configurations, {R , P } and {R, P }, in phase space. This current semi-classical implementation is equivalent to a Time-Dependent Hartree-Fock representation of the electrons and a classical treatment of the nuclei. The END theory is implemented in the ENDyne computer code [33] . The major benefits of the END formalism are 1) END is a non-adiabatic representation of the dynamics of molecular electrons and nuclei, 2) all electronic and nuclear couplings are maintained throughout the dynamics, 3) the dynamics is not limited to potential surfaces and no PES calculations are required, 4) all forces are directly calculated at each time-step during the dynamics from the basic Coulomb potentials, 5) calculations are performed in the laboratory reference frame using Cartesian coordinates, 6) the only approximations to the theory arise from the choice of nuclear and electronic state vector representations and the choice of basis sets, and 7) parameterization in terms of Thouless coefficients ensures the completeness and continuity properties that define coherent states.
Computational Details
The basis set for the proton and the hydrogen atom was constructed as a contraction of Cartesian Gaussian-type orbitals of size (5s3p1d) → [1s1p1d]. In Table 1 , we present the exponents and contraction coefficients used in this basis set. This basis set was built from scratch and constructed such that it provides Hartree-Fock eigenvalues that match the first and second principal energy levels of the hydrogen atom. The d-orbital does not return the correct Hartree-Fock eigenvalue for the hydrogen atom, however, the inclusion of the d-orbital, specifically with an exponent of 0.247, was required to correctly describe the dynamics of the system. Through further investigation it was uncovered that by replacing the d-orbital with an additional s-orbital with a specific exponent, the same correct dynamics were returned. The s-orbital exponent was determined by comparing the radial distributions
for the electronic density in a shell of thickness dr [34] . The s-orbital exponent was optimized in such a manner that the maximum radial densities for the two functions corresponded, resulting in the conclusion that the s-orbital exponent should take a value exactly one-third of the d-orbital exponent. Further investigation was made by substituting a p-orbital with a radial density with the same maximum as the radial density for the d-orbital. The results did not agree with accepted experimental values. Therefore, it appears that the spherical component of the d-or s-orbital for which the radial density passes a maximum at a radial distance of 2.58 a.u. plays a crucial role in the dynamics by enhancing the linear combination of atomic orbitals and by mimicking electron translation factors for a better dynamical description of the electron transfer process. The initial conditions for the system are such that the target (atomic hydrogen) is located at the origin and the projectile (proton) is located at 20 atomic units along the negative x-axis. The initial impact parameter, b, was always incremented along the positive z-axis. As the calculations were performed in the laboratory frame of reference, the target was initially at rest and all available collision energy was imparted as initial momentum for the projectile. The grid of initial impact parameters was kept consistent for each energy. The highly oscillatory nature of the transfer probability observed at low energies required a large number of grid points at smaller impact parameters (b ≤ 5 a.u.). The grid step size was increased as the impact parameter increased. The grid used for all energies had the following regions of increments: 0. The deflection functions, Θ(b), were calculated as the laboratory frame scattering angle, θ, for each particle. ENDyne does not restrict the range of scattering angles observed. The deflection functions were then transformed to the center-of-mass frame, treating the nuclear trajectories classically [35] . The state-to-state differential cross sections for transfer from the principle energy level n to the principle energy level n were then obtained through the identical particle scattering amplitude
and finally transformed back into the laboratory reference frame [36] . The semi-classical scattering amplitude for each particle, f (θ) in Equation (12), was determined using the semi-classical modified (state-to-state) Schiff Approximation [25, 37] ,
where k is the initial momentum of the projectile, b is the impact parameter, q is the momentum transferred during the collision, J 0 (qb) is the zeroth order Bessel function with argument qb, A n,n is the probability amplitude for charge transfer from energy level n into energy level n , and where δ(b) is the semi-classical phase shift, as calculated from the deflection function by the expression
The differential cross section for transfer into all available electronic levels is now given as the sum of the state-to-state differential cross sections,
The state-to-state transition probability is calculated as the square of the state-tostate probability amplitude,
and the probability for electron transfer is calculated as the sum of the individual stateto-state transition probabilities,
The integral cross section for transfer into a given final state is calculated from the appropriate state-to-state transition probability,
The integral cross section for electron transfer is then calculated as the sum over all state-to-state integral cross sections.
Results and Discussion
The END calculations were performed for the H + /H system at thirty-four collision energies ranging from 1 eV to 5000 eV. The wide range of energies investigated and the quality of the results demonstrate the power of the END formalism as a tool for investigation of atomic and molecular dynamics. The discussion of the resulting data falls into four main categories, 1) the deflection function; 2) the dependence of the electron transfer probability as a function of impact parameter, collision energy, and scattering angle; 3) the differential cross sections for electron transfer, and 4) the integral cross sections for electron transfer.
Deflection Function
As mentioned in the previous section, the deflection function for a given energy was calculated as the scattering angles of the individual trajectories in the laboratory frame and then transformed into the center-of-mass frame. Table 2 demonstrates the main features of the center-of-mass frame deflection functions for each energy, including the impact parameters corresponding to the glory and rainbow angles, as well as the maximum deflection occurring at the rainbow.
The results tabulated in Table 2 can be used in other approaches to semi-classical corrections, e.g. the uniform or Airy approximation [36] . The Schiff approximation has the advantage that the integration over b in Equation (13) includes the glory and rainbow effects implicitly.
Electron Transfer Probability
In Figure 1 , we present a contour plot of the probability for electron transfer as a function of both impact parameter and collision energy. Figure 2 provides a transversal slice of the data used to construct Figure 1 , specifically for the trajectories at 500 eV. The most striking feature of Figure 1 is the highly oscillatory nature of the electron transfer probability, indicative of the resonant character of this interaction. The frequency of the oscillations is a strong inverse function of the collision energy and of the impact parameter. The resonance occurs more readily at smaller impact parameters due to the fact that the overlap between the electronic orbitals is greatest as the impact parameters decreases. Additionally, the resonance is more pronounced at lower collision energies because the interaction time between the two particles is larger at lower velocities. These factors demonstrate a greater proclivity for the system to exist in the H + 2 "quasimolecular" state than at higher energies and larger impact parameters, thus facilitating resonant electron transfer.
Second to the high frequency oscillations at low energies and impact parameter, the most notable feature of Figure 1 is the large ridge of almost unit probability for transfer that extends from an impact parameter of about 8.5 a.u. at 1 eV to an impact parameter of about 2.5 at 5 keV. This ridge is immediately preceded at smaller impact parameter by a valley in which the transfer probability is almost zero. Again this ridge is defined by the physics of the collision. At lower energies, the collision between the protons is sufficiently slow to allow the long-range interactions to dominate the charge transfer process. At the higher energies, the collision time is so brief that the projectile must impinge deeper into the electronic structure of the target to allow for transfer. Figure 3 demonstrates the behavior of the transfer probability as a function of collision energy, specifically for particles scattered into 3 degrees in the laboratory Transfer Probability
Collision Energy (eV) Figure 3 . Transfer probability as a function of collision energy (3 • laboratory frame scattering angle). Theoretical data are: (--), present work; (---), McCarroll and Piacentini [14] ; and (-· -), Crothers and Hughes [38] . Experimental data are: ( ), Helbig and Everhart [9] .
frame. We present excellent agreement with both experimental results by Helbig and Everhart [9] and with theoretical results from McCarroll and Piacentini [14] and Crothers and Hughes [38] . The experimental data for energies below 300 eV lose all oscillatory structure due to the damping observed in Helbig's experiment [9] , and are therefore highly suspect. The larger amplitude for transfer at lower energies and smaller impact parameter reported by Houver [11] do indeed suggest better agreement with theory.
The resonant nature of the interaction is further evident when the transfer probability is investigated as a function of scattering angle. Figure 4 demonstrates this resonance for two energies, 250 and 1000 eV. Several points must be addressed concerning these results. First, it is evident that the END results agree quite well with the experimental results of Houver et al [11] as well as with other theoretical investigations, such as that by Cayford and Fimple [16] . It can be seen from the 250 eV data that, for larger scattering angles, the END formalism predicts the maxima and minima of the probability better than other theories, while still reproducing the small angle extrema well. Secondly, the amplitude of the transfer probability from the END results tends to have a different magnitude than both the experimental data and previous theoretical data, amongst which there tends to be good agreement. The END results tend to demonstrate a larger amplitude for transfer at smaller angles and smaller amplitudes at larger angles when compared with other investigations. These differences can be attributed to the basis set chosen for the END trajectories. In a previous work investigating stopping cross sections of protons on atomic targets, Cabrera-Trujillo et al employed larger AUG-CC-pVDZ and AUG-CC-pVTZ basis set with respective sizes of (5s2p) → [3s2p] and (6s3p2d) → [4s3p2d] [39] , which demonstrated better agreement with the experimental data of Houver at 1000 and 1600 eV [26] . The small Figure 4 . Transfer probability as a function of laboratory frame scattering angle at 250 eV (top) and 1000 eV (bottom). Theoretical data are: (--), present work; and (---), Cayford and Fimple [16] . Experimental data are: ( ), Houver, et al [11] .
size of the current basis set limits the flexibility of the basis set to properly span the electronic dynamical space at high projectile energies. However, we have observed that the majority of the dynamics of the resonant system can be captured successfully with a well-built basis set of three or four contractions, rather than relying on cumbersome and computationally limiting stock basis sets with two or three times as many contractions that were not developed with dynamical calculations in mind. This fact is crucial in the investigation of larger, more complex reaction systems containing second-row elements.
Differential Cross Sections for Electron Transfer
As the differential cross section is the fundamental physical observable for scattering phenomena, it is crucial to obtain differential cross sections for resonant charge transfer reactions. The dearth of experimental differential cross sections for resonant charge eV. Theoretical data are from the present work: (--), transfer into all n; and (---), transfer into n = 2. Experimental data are from Houver, et al [11] : ( ), transfer into all n; and ( ), transfer into n = 2.
transfer places great importance on the ability of a theory to correctly reproduce this valuable data. Absolute differential cross sections for electron transfer, as calculated from END at various collision energies, are presented in Figure 5 . The solid lines represent the differential cross sections for transfer into all available states, while the dashed lines represent the differential cross sections for transfer into the n = 2 principle energy level. The differential cross sections for transfer, as reported by Houver, are not absolute [11] . Rather, the transfer differential cross sections were normalized with respect to the results of McCarroll and Piacentini [14] . Comparing the END differential cross sections to those reported by Houver indicate excellent agreement, apparently with small error imposed by the normalization process. At every energy, the overall structure of the differential cross section is matched between the END results and the experimental results. The only case in which an obvious quantitative difference arises is at 2 keV, where the normalized experimental results are approximately a factor of 2 larger that those predicted by END. While one cannot neglect the possibility of incorrect normalization, the likely cause of this discrepancy lies in the transfer into the n = 2 principal energy level. As demonstrated in the results of Houver [11] and reproduced in panel (e) of Figure 5 , at 2 keV the reported differential cross section for transfer into n = 2 is of almost the same order of magnitude as for total measured electron transfer. It is believed that non-adiabatic coupling between the 2pσ and 2pπ states of the H + 2 molecular ion result in population of the n = 2 state at larger collision energies and scattering angles [14] . Furthermore, while it is somewhat negligible in comparison to the 2p population, there is a probability for excitation into the 2s orbital. We propose that the discrepancy between the experimental results and the END results arises due to incomplete enumeration of this excitation process, a conjecture that is supported by Figure 5 , which shows that the END differential cross sections for transfer into n = 2 possess the same structure as those reported by Houver, but are of lesser magnitude. Further evidence in proof of this conjecture is discussed forthwith.
As mentioned in Section 2, the END theory maintains all non-adiabatic couplings throughout the course of the molecular dynamics. Furthermore, END does not limit the dynamics to adiabatic potential energy surfaces. Rather, the potentials are dynamical; the electrons are treated dynamically and, as a consequence, the nuclear shielding due to the electrons fluctuate with the dynamics. For these reasons, any deficiencies in our results are likely due the basis set employed. Even with the inclusion of nonadiabatic couplings and dynamical potentials, without a reasonable approximation to the electronic orbitals that produce those coupling and potentials, the dynamics will not be correct.
The basis set used in the present investigation is composed of several contractions of Cartesian Gaussian atomic orbitals that include only a single s-type contraction. Thus, the lack of a proper description of the 2s-orbital will naturally hinder any description of excitation into the n = 2 principle level. Furthermore, due to the fact that Cartesian Gaussian atomic orbitals are employed, the resulting description of the H + 2 molecular orbitals incompletely describe the orbital angular momentum. However, expanding the basis set to improve completeness of the molecular orbital description and to provide a more physical dynamical potential can improve the resulting differential cross section. In Figure 6 , the solid line represents END differential cross section for transfer into all energy levels using the (5s3p1d) → [1s1p1d] contraction, resulting in the smaller differential cross section. The dotted line represents the results obtained when a (7s3p1d) → [2s1p1d] contraction is employed. The inclusion of the second s-orbital, with Hartree-Fock energy comparable to the 2s orbital of atomic hydrogen, improves the END results, causing the END differential cross section to agree with the experimental points from Houver et al [11] .
Integral Cross Section for Electron Transfer
In Figure 7 , we compare the integral cross section for electron transfer as a function of collision energy from END calculations with experimental results and other theoretical values. The END results provide excellent agreement with experimental results. Again, the experimental data is not absolute; however, the data by McClure were normalized based on well-characterized measurements made on molecular hydrogen and are presumably normalized correctly [10] . Additionally, Gealy and Van Zyl used the results from McClure in normalizing their own data [13] , and the END cross section fall well within the reported error bars. The cross section data reported by Gealy and Van Zyl and by Fite et al [13, 7] demonstrate some degree of structure, but due to the size of the error bars and the lack of structure in the theoretical results, we assume that any structure is due to experimental uncertainties. Collision Energy (eV) Figure 7 . integral cross sections for electron transfer as a function of collision energies. Theoretical data are: (--), present work; (---), Sakabe and Izawa [19] ; (· · · · · ·), Copeland and Crothers, (-· -) [20] , Krstíc and Schultz [21] . Experimental data are: ( ), Gealy and Van Zyl [13] ; ( ), Fite, et al [7] ; and ( ), McClure [10] .
Finally, it is known that, in the intermediate energy regions being investigated, there exists a linear relationship between the square root of the integral cross section for resonant transfer and the logarithm of the collision energy [40] ,
where a and b are constants dependent upon the collision system being studied. This relationship has been invaluable to researchers as a method to extrapolate thermal electron transfer cross sections from higher energy experimental and theoretical data below about 500 eV [2, 40] . In Figure 8 , we compare this relation using the END integral cross section data and with the original results from Dalgarno [40] . The data points are the calculated cross sections. The lines are the least squares fits of the linear regions of the data. The least squares equation for the END data was calculated to be 
Similarly, the least squares equation for the data from Dalgarno [40] was calculated to be σ 1/2 trans = 6.868 − 0.388 ln E.
The values for a and b given above are in units of 10 −8 cm. There is a 6.5% difference between the two slopes and a 2.5% difference between the two intercepts. The deviation from linearity occurs at a collision energy of about 500 eV and demonstrates the upper bound for the validity of this expression, as the ionization channel is beginning to open. 
Conclusion
We have presented the results of an investigation of the resonant charge transfer of the H + /H atom collision system using the Electron-Nuclear Dynamics formalism. It has been demonstrated that the END results compare favorably with experimental results and other theoretical investigations for a variety of scattering processes. The importance of non-adiabatic couplings in the capture into the n = 2 principle energy level has been confirmed. It has also been shown that the completeness of the molecular orbital description of the H + 2 ion is crucial to the correct dynamical description of the transfer process into the n = 2 principle energy level, however, the major structures due to the dynamics can be correctly described with a carefully constructed basis set with as few as two or three contractions. We hope that the state-to-state results and the tabulated features of the deflection function that we present will encourage further experimental and theoretical investigations into this resonant transfer collision in the future, providing a deeper understanding of the simple, yet very rich, system.
